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Abstract

We presentan improved z-buffer basedCSGrenderingalgorithm,
basedon previous techniquesusing z-buffer parity basedsurface
clipping. We show that while this type of algorithmhasbeenre-
portedasrequiringO(��� ), (where� is thenumberof primitives),an
O(
� � ) (where

�
is depthcomplexity) algorithmmaybesubstituted.

For caseswhere
�

is lessthan � this translatesinto a significant
performancegain.

CR Categories: I.3.5 [ComputingMethodologies]: Computer
Graphics—Constructive solid geometry(CSG) I.3.3 [Computing
Methodologies]: ComputerGraphics—DisplayAlgorithms I.3.1
[ComputingMethodologies]:ComputerGraphics—HardwareAr-
chitecture

1 INTRODUCTION

Constructive Solid Geometry(CSG) is an approachto geometric
modeling.CSGarrangesbooleanoperationsandprimitive objects
into a tree. The nodes(or non-terminals)of the tree represent
booleanoperations,andtheleaves(or terminals)representobjects.
The booleanoperationsusedin CSG areUnion ( � ), Intersection
( � ) andDifference(-). Affine transformationssuchasscale,trans-
lationandrotationmayalsobeassociatedwith eachtreenode.Fig-
ure1 illustratesanabstractCSGobjectspecifiedin termsof boxes,
spheresandcylinders.

CSGhassignificantadvantagesfor someproblemdomains.One
suchdomain— themainmotivation for our work — is Computer
Aided Design(CAD) packagesfor modellingcomponentsandde-
vicesmanufacturedusingprocesses,suchasmilling andgrinding,
wherematerialis removed from an initial work-piece,typically a
blockor cylinder. A machinetool producedby thiskind of process
is shown in Figure2.

For eachmilling or grindingoperation,thevolumesweptby the
cutting tool canbe tessellatedinto triangles. This boundaryrep-
resentation(b-rep)surfacemustthenbe clippedagainstthework-
�
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Figure1: A CSGtree.

pieceandall otheroperationsin orderto displaythesurfacesthat
form the final componentor device. This is the centralproblem
in solid modelling applications. Broadly, there are two classes
of approach: object spaceand image space. Object spaceap-
proachessuchas analytic intersection,b-repand spatialenumer-
ation schemesapply clipping operationsto objectsrepresentedin
termsof geometricprimitives. Image-spaceapproachessuchas
ray-casting,scan-lineandz-buffer algorithmsperformclipping as
partof the renderingprocess,andoperateon pixels. Objectspace
approachesareviewer independent,while image-spaceapproaches
are not. The cost of object spacecalculationis typically higher
thanthecostof oneframeof imagespacecalculation.Sinceimage
spaceapproachesregeneratethesolutioneachframe,they arebet-
tersuitedto situationswheretheposition,shapeandrelationshipof
objectsvary over time.

This paperpresentsan image-spacez-buffer CSGrenderingal-
gorithmbasedon thepreviouswork of Goldfeather[5, 6]. We pro-
posere-arrangingthe algorithm in order to exploit image-space
characteristicsof the scene.We detail the Goldfeatheralgorithm,
introducea new variation,andcompareperformancecharacteris-
tics.

2 CSG RENDERING

Therearedifferentwaysof renderingtheimageof aCSGtree.Here
we give anoverview of themainapproachesanddiscusstheir ad-
vantagesanddisadvantages.We usethetermclipping in a generic
sense,referringto any processof classifyingthesurfaceof onevol-
umewith respectto thesurfaceof anothervolume.

B-rep [12, 13] Eachprimitiveis tessellatedinto asetof polygons,
typically triangles.A clippedb-repis formedby finding the
portionsof thesurfacewhich satisfytheCSGtreelogic. The
resultof theb-repclipping operationcanbepassedto a ras-
teriserasa setof polygons. The main advantageof this ap-
proachis theview independenceof thesolution.



Figure2: Simulatedmanufacturedobject.

Ray Casting Surfaceclipping is simplified by only considering
oneline in spaceat a time. For eachpixel, a ray is formed
whichis thenintersectedwith theobjectsin theCSGtree.The
closestvisible surfaceis resolved on the basisof the closest
surfacesatisfyingthe CSGtreelogic. Oneadvantageof ray
castingis thattheline-objectintersectioncanbeimplemented
for a broadclassof objectsincludinganalyticandtesselated
surfaces.Ray castingis consideredto be easyto implement
andmorerobust thantheb-repapproach.Thedisadvantages
of ray castingare that the solution is view dependent,each
imagecantakeasubstantialtimeto draw, andthatraycasting
is rarelysupportedin graphicshardware.

Spatial Enumeration [7, 2] Volumeis subdivided in eithera uni-
form or nonuniformmanner. The occupancy of eachobject
is determinedfor every region of space. The advantageof
spatialenumerationis that volumesmay be intersectedin a
simple manner, and the solution is view independent.The
disadvantagesarethat largeamountsof storagearerequired,
surfaceinformationis modelledpoorly, andspecialisedalgo-
rithmsarerequiredto renderan imageor interfaceto a stan-
dardscan-linerenderer.

Scan-line Techniques [1, 10, 14] The conventional rasterisation
pipelineis extendedto performclippingagainsttheCSGtree.
This is achievedeitherby providing apointmembershipclas-
sificationfunctionat low levels of the renderingpipeline,or
maintaininglists of surfacesat eachscanlineandperforming
clipping over spansof pixels. Thedisadvantagesof scan-line
CSG renderingare that the solution is view dependentand
that the techniqueis not supportedin conventionalgraphics
hardware.

Z-Buffer Algorithms [5, 6, 16, 3, 15] Surfacesareclippedin az-
buffer by a multiple passalgorithm. Arbitrary CSGtreesare
handledby tree normalisationand pruning techniques. [6]
Methodsexist to supportnon-convex primitives. The ad-
vantageof z-buffer algorithmsis that no b-rep clipping is
required,and the approachcan take advantageof hardware
graphicsaccelerationincludinghardwarez-buffer. Onedisad-
vantageof thez-buffer approachis thedependenceonz-buffer
copying, which is not optimisedin many hardwarerendering
environments.

Hybrid Algorithms [11] Clipping surfacesby usinga combina-
tion of thepreviouslymentionedtechniqueshastheadvantage
that computationalload is spreadacrossCPU and graphics
hardware.

Figure3: Z-buffer paritywith respectto asurface.

The CSG renderingapproachdescribedhereis a derivative z-
bufferCSGrenderingalgorithm.In thefollowing sections,key con-
ceptsof previousz-buffer CSGrenderingtechniquesarepresented,
alongwith proposedextensionsaimedat improving performance.

3 GOLDFEATHER CSG RENDERING

Arbitrary CSGtreescanberenderedin standardz-bufferedarchi-
tectureusingtechniquesdescribedby J.Goldfeather.[6] Whilst the
approachwas originally developedfor the Pixel-Planesgraphics
architecture[5, 9, 4, 8], it hasrecentlybeenadaptedto theOpenGL
graphicsenvironment.[16] The approachis basedon the ideasof
surfaceparity, treenormalisation,andz-buffer surfaceclipping. We
referto theseconceptscollectively asGoldfeather CSG Rendering.
Wediscusseachaspectin thefollowing subsections.

3.1 Parity

Surfaceparity refersto whethera surfacein the z-buffer is inside
or outsideof a givenvolume. Theparity of eachz-buffer element
canbe determinedby countingthe numberof surfacesin front of
thez-buffer. This is a minor variationof thestandardz-lessdepth
testingalgorithmwhereratherthanupdatingthe z-buffer on suc-
cessfulz test,a parity flag is toggledat thatpixel. Regionsof odd
parity, wheretheflag is setto one,correspondto z-buffer elements
volumetricallyinside anobject.Figure3 illustratesregionsof even
andoddparity for agivenz-buffer andsurface.

The following code fragmentis an OpenGL implementation,
wheretheparityof thez-buffer is storedin thestencilbuffer.

glEnable(GL_STENCIL_TEST);
glStencilFunc(GL_ALWAYS,0x01,0x01);
glStencilOp(GL_KEEP,GL_KEEP,GL_INVERT);
glEnable(GL_DEPTH_TEST);
glDepthFunc(GL_LESS);
glDepthMask(GL_FALSE);
glDisable(GL_CULL_FACE);
drawSurface();

Thereareimportantconstraintson surfacesusedfor parity test-
ing. Parity logic dependsonno surfacebeinginterioror exterior to
thevolumeit represents.Also, all boundariesof thevolumeshould
becoveredbysurface.Thismeansthatthesurfaceshouldbeclosed,
andshouldnot containany holescausedby anincompletedescrip-
tion, suchasmissingpolygons.Additionally, thesurfacemustnot
self-intersect,formingfoldsor loops.



Figure4: A NormalisedCSGtree.

3.2 Tree Normalisation

Treenormalisationconvertsa generalCSGtreeto a form suitable
for imagespaceCSGrendering.A collectionof primitivesrelated
by booleanunion is called a sum, whilst a collection relatedby
booleanintersectionor differenceis calleda product.A CSGtree
in sum-of-productsform is saidto benormalised. Figure4 is anor-
malisedCSGtreecorrespondingto Figure1. Graphically, a nor-
malisedtreehasthreecharacteristics:

1. Theunionnodes,if any, areat thetopof thetree.

2. No non-terminalnodeis to theright of anintersectionor dif-
ferencenode.

3. No union nodeis to the left of an intersectionor difference
node.

Thesignificanceof treenormalisationis thatit simplifiestheal-
gorithm requiredto rendera CSGtree. Treenormalisationis the
first stepin aprocesswhichconvertsa treeinto somethingmanage-
ablefor astandardz-buffer architecture.This is becauseeachprod-
uct canbe renderedby comparingprimitivesratherthansubtrees.
The union of the productsis handledby sendingall the products
to the z-buffer with a ‘z-less-than’depthtest. The surfacesform-
ing eachproductmaybeobtainedin imagespaceby usingz-buffer
surfaceclipping,discussednext.

3.3 Z-buffer Surface Clipping

Depth buffer surfaceclipping refersto the processof rasterising
a surfaceinto thez-buffer anddetectingthosepixelswhich satisfy
theconstraintsof theCSGproduct.Sinceaproductconsistsonly of
intersectionanddifferenceoperations,eachprimitive maybe par-
ity testedagainsteachotherprimitive in the productsequentially.
The configurationof the parity testdependson the operationbe-
tweentheprimitives.Intersectionoperationsretainz-buffer regions
of oddparity — thesearez-buffer valuesvolumetricallyinsidethe
primitive, otherregionsareresetto anemptystate.Theparity test

(a) Intersection

(b) Difference

Figure5: Usingparity to clip az-buffer.

is invertedfor differenceoperations— regionsof evenparityarere-
tainedandregionsof oddparityarereset.Figure5 illustratesparity
testingfor intersectionanddifferenceoperations.

3.4 Polygon Culling

The surfaceof an objectcanbe categorisedas front or back fac-
ing, in relation to the position of the viewer. In generalrender-
ing, back-facingpolygonsareculled sincethey arenot visible to
the user. Back-faceculling dependson the surfacebeingclosed,
andthepolygonverticesbeingorderedconsistently— constraints
which alsoapply to z-buffer CSGrendering.Imagespacesurface
clippingonly considerspotentiallyvisible surfaces,andtheseform
thesubsetselectedfor z-buffer clipping. The front or backfacing
surfaceof eachprimitive is selectedon the basisof whetherthe
primitive is subtracted:front facingsurfacesof unsubtractedprim-
itivesandthebackfacingsurfacesof subtractedprimitives.

In thefollowingexample,C andD aresubtractedprimitives.The
CSGproductis formedin thez-buffer by findingtheclosestclipped
surfacefor eachpixel. Figure6 illustratestheCSGproductformed
by theunionof clippedsurfaces:

�
	��
- 
 - �

3.5 The Goldfeather CSG Rendering Algorithm

The GoldfeatherCSG renderingalgorithm is summarisedbelow.
Thecombinedeffectof treenormalisationandz-buffer surfaceclip-
ping is to collapsethe CSGtree into a seriesof clippedz-buffer
surfaceswhicharemergedby thestandard‘z-less-than’depthtest.
Onez-buffer, thesurface z-buffer, storesthevisiblesurfaceof each
primitive, oneat a time. This is the z-buffer wheresurfaceclip-
ping is performed.Anotherz-buffer, theoutput z-buffer, is usedto
determinetheclosestclippedsurfaceto theviewer.

initialise output z-buffer to zFar
for each product P do



Figure6: CSGproductasunionof clippedsurfaces

for each primitive A in P do
initialise surface z-buffer to zFar
if A is subtracted

draw back of A into surface z-buffer
else

draw front of A into surface z-buffer
for each other primitive B in P do

if B is subtracted
accept pixels of even parity

else
accept pixel of odd parity

apply parity test in
surface z-buffer

draw surface z-buffer into
output z-buffer with z-less test

Goldfeathershows thattheCSGrenderingalgorithmcanbeex-
tendedto non-convex primitives.[6] Optimisationof the normali-
sationalgorithmby meansof treepruningis alsodiscussed.The
requirementsof implementingthis approachin OpenGLarea sin-
glecolourbuffer, asinglez-buffer, astencilbuffer andtheability to
saveandrestorethecontentsof thez-buffer[16].

4 TAKING ADVANTAGE OF DEPTH
COMPLEXITY

In analysingperformanceissuesit is useful to talk abouta single
productof length � . Figure7 illustratesthestepsrequiredto sub-
tract four spheresfrom a rectangularblock with the Goldfeather
approach.Eachrow correspondsto a primitive clipping operation,
which areessentiallyindependentoperations.In the first column,
theprimitive surfaceis drawn into thez-buffer. In thesecondcol-
umn,thez-buffer surfaceis clippedagainstotherprimitivesin the
product.In thethird column,theclippedsurfaceis mergedinto the
final result. Eachrow requires� primitive rasterisations(where �
is thenumberof primitives)andonez-buffer copy operation.

Our proposedimprovementto the algorithm is to reducethe
numberof passesby clipping more thanoneprimitive at a time.
In Figure8 the spheresareclippedtogether, ratherthanin seper-
atepasses,takingadvantageof the fact that thespheresno do not
overlap in imagespace. The term depth complexity refersto the
numberof primitiveswhichcovereachpixel. Wedenote� asbeing

Figure7: Clippingon per-primitivebasis.

Figure8: Clippingon per-layerbasis.

themaximumdepthcomplexity of a pixel givena specificviewing
direction. We proposeclipping on the basisof layers ratherthan
primitives— thenumberof requiredlayersbeing � .

This modification to the algorithm introducesthreenew sub-
problems.Oneis to determine� , thedepthcomplexity of theprod-
uct. Anotheris to extracteachlayerfrom a givensetof primitives.
Thefinal problemis to ensurereliableclipping of surfacesagainst
theircorrespondingprimitives.Wewill discusseachof theseissues
seperately.

4.1 Determining �

A simplestencil test canbe usedto determine� . The following
OpenGLcodefragmentfinds the numberof primitivesthat cover
eachpixel, andstoresthis countin thestencilbuffer. Thenumber
of clipping passesrequiredby thealgorithmis thendeterminedby



Figure9: Imagespacedepthcomplexity

finding themaximumstencilbuffer value.

glClear(GL_STENCIL_BUFFER_BIT);
glDepthMask(GL_FALSE);
glDepthFunc(GL_ALWAYS);
glEnable(GL_STENCIL_TEST);
glStencilFunc(GL_ALWAYS,0xff,0xff);
glStencilOp(GL_INCR,GL_INCR,GL_INCR);
drawPrimitiveSurfaces();

The resultof this operationdependson the viewing direction,
as illustratedin Figure9. Five spheresareviewed from different
directionsandthecountsin thestencilbuffervisualisedviadifferent
shades.Thefirst scenariowhereno primitivesoverlapis ideal for
clipping, sinceall five spheresmay be clippedat once. The third
scenariois theworstpossiblecase,sinceall fivespheresoverlapat
leastonepixel. For this viewing direction,clipping primitivesasa
sequenceof fivelayers,ratherthanfiveprimitivesoffersnospeedup
over thestandardalgorithm.

4.2 Layer Extraction

A stenciltestmaybeemployedto draw only the � ’ th layerof aset
of primitives. The following OpenGLcodefragmentincrements
a countin the stencilbuffer for eachpixel coveredby eachprim-
itve. Theprimitive is only drawn to thez-buffer if thestencilcount
equalsthenumberof thedesiredlayer.

glClear(GL_STENCIL_BUFFER_BIT);
glDepthMask(GL_TRUE);
glDepthFunc(GL_ALWAYS);
glEnable(GL_STENCIL_TEST);
glStencilFunc(GL_EQUAL,n,0xff);
glStencilOp(GL_INCR,GL_INCR,GL_INCR);
drawPrimitiveSurfaces();

It shouldbenotedthattheparticularsurfacesin eachlayerarede-
terminedby theorderin whichprimitivesarepresentedto OpenGL.
The first layer will consistof surfacefrom the first primitive, and
portionsof thesecondprimitivenotoverlappingthefirst, andsoon.

4.3 Layer Clipping

The GoldfeatherCSGrenderingalgorithmimplicitly avoids clip-
ping z-buffer surfacesagainstthe correspondingprimitive. Clip-
ping on a per-layer basishowever, requiresa clipping algorithm
which will behave in this situationsensibly. Specifically, the front
facingsurfaceof an intersectingprimitive shouldbe classifiedas
‘inside’ theprimitive. Similarly, thebackfacingsurfaceof a sub-
tractedprimitive shouldbeclassifiedas‘outside’. Configuringthe
parity testto utilise the ‘z-less-or-equal’ z-testsatisfiesthesecon-
straints,althoughthey do dependon trianglesbeingrasterisedto
preciselythesamez-buffer valueson differentpasses.

5 THE NEW ALGORITHM

Thenew algorithmis summarisedbelow. Two z-buffersareutilised
in a similar mannerto the Goldfeatheralgorithm. The surface z-
buffer is usedto extractandclip eachlayerof surfacesin theprod-
uct. The output z-buffer accumulatesthe final result, taking the
closestpixel from eachinstanceof the surfacez-buffer. Like the
Goldfeatheralgorithm, a final passover all primitives draws the
correctcolour into the framebuffer, usinga ‘z-equal-test’on the
final z-buffer.

initialise output z-buffer to zFar
for each product P do
for each layer k in P do
initialise surface z-buffer to zFar
draw k’th surface into surface z-buffer
for each primitive A in P do

if A is subtracted
accept pixels of even parity

else
accept pixel of odd parity

apply parity test in
surface z-buffer

draw surface z-buffer into
output z-buffer with z-less test

5.1 Comparative Analysis

The Goldfeatheralgorithm performsone clipping operationper
primitive. Thetime requiredfor eachclippingoperationis � ����� ,
where � is relatedto polygonrasterisationspeed,and � is related
to z-buffer copy speed.The time requiredto draw the productis:
� �����
� � .

The modified CSG renderingalgorithm requiresrendering �
primitivesto extractalayer, rendering� primitivesto clip thelayer,
and one z-buffer copy operationper layer. Multiplying this cost
by thenumberof layers � , the time requiredto draw a productis:� � � ���
� � .

The importantdifferencebetweenthis and the standardalgo-
rithm is the behavior of � . The depthcomplexity of a sceneis
determinedby the viewing directionandthe particularconfigura-
tion of primitivesin the product. The usefulnessof this approach
is thereforelimitied to thoseapplicationswhere ����� . For situa-
tionswhere�� !� , theperformanceis expectedto besimilarto that
of the standardalgorithm— O(� � ). It shouldbe notedthat since
layerextractiondoublesthepolygonrasterisationload,thestandard
algorithmshouldbefasterwhen ��"!� .

5.2 Further Work

It is expectedthatthis improvementto theGoldfeatherCSGrender-
ing algorithmwill be of particularusein the simulationof manu-
facturingprocesses.Ourobservationis thatthisapplicationdomain
hasthecharacteristicthat � tendsto besignificantlylessthan � . A
systematicinvestigationwouldberequiredto quantifythisrelation-
ship.

Theconstantsreferredto as � and � couldbealsobequantified.
Thesecorrespondto rasterisationandz-buffer copyingperformance
respectively. Ourobservationis thatz-buffer copy rateis thebottle-
neckon platformswe have experimentedwith. An investigationto
quantifythesecharacteristicswouldbeusefulin predictingtheuse-
fulnessof z-buffer CSGalgorithmsfor differentproblemdomains.
Thiswouldalsoaidtheidentificationof suitableplatformsfor hard-
wareimplementationof thealgorithm.

Implementationof thealgorithmcould includea decisionmak-
ing policy to choosethe best clipping strategy, given � and � .



In certaincircumstances,clipping on a primitive basisis optimal,
while# in othercircumstances,layer clipping would be more effi-
cient.

6 CONCLUSION

We have describedan image-spaceCSG subtractionalgorithm
which performsbetterin many usefulcases.Modifying theGold-
featherCSGrenderingalgorithmto exploit depthcomplexity offers
O($ % ) performanceratherthanO(%�& ). Thealgorithmicimplication
of this modificationis to increasethecostof the inner loop, while
potentiallyreducingthenumberof iterationsof theouterloop.

A significantimplication of this result, given currentgraphics
hardwarearchitectures,is thereducedz-buffer copy bandwidthand
z-comparisonrequirement.This is reducedfrom % to $ .
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